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Given an infinitesimally small perturbation, the linearized CBE describes the evolution of the stellar response. The
linearized continuity, momentum, and energy equations predict the gaseous reponse. The gas is allowed to cool by
equipping the energy equation with a cooling term 𝑄1 = − Τ𝑢1 𝑡cool, with 𝑢1 the thermal energy response and 𝑡cool the
cooling time. For this poster, only non-cooling models have been investigated.
Any perturbing gravitational potential can by expanded in linearly independent spirals of the form
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with complex frequency𝝎 and multiplicity𝒎.
The system’s spontaneously growing eigenmodes, i.e. those instances where the response equals the perturbation, are
found using a matrix method (Kalnajs 1977, Vauterin & Dejonghe 1996, De Rijcke & Voulis 2016). The perturbation is
projected onto a basis of potential-density pairs 𝑉𝑘 , Σ𝑘 and the density response to basis potential 𝑉𝑘 is expanded as
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An eigenmode occurs for those frequencies 𝜔 for which the matrix 𝑪𝒍𝒌
𝒔𝒕𝒂𝒓 + 𝑪𝒍𝒌

𝐠𝐚𝐬
has a unity eigenvalue. This translates the

search for eigenmodes into a much easier linear algebra problem.

The unperturbed, zeroth-order model is characterized by an axially symmetric gravitational potential 𝑽𝟎 𝒓 which
is generated jointly by all physical components of the system (not only those in the responsive disk!).
The collisionless component (a.k.a. stars) is distributed over all possible orbits via a distribution function 𝒇𝟎 𝑬, 𝑱 ,
which is an equilibrium solution of the Collisionless Boltzmann Equation (or CBE). Per the Jeans theorem, it
depends on position and velocity only via the energy 𝐸 and angular momentum 𝐽.
The collisional component (a.k.a. gas) is characterized by a surface density profile 𝜮𝟎 𝒓 , a sound speed profile
𝒄𝒔 𝒓 , and a thermal energy profile 𝒖𝟎 𝒓 that obey the time-independent continuity, momentum, and energy
equations. Its particles are assumed to occupy purely circular orbits, resulting in a simple tangential velocity field
𝒗𝟎 𝒓 .
To keep the formalism physically transparent as well as mathematically simple, I use polar coordinates.

As a first testcase, I chose the well-studied Kuz’min-Toomre disc (Kuz’min 1956, Toomre 1963). For a polytropic
equation of state, this disc has a known gaseous eigenmode spectrum (Aoki, Noguchi & Iye 1979) and adopting an
𝑚𝑀 = 3 Miyamoto (1971) distribution function, its stellar eigenmode spectrum is also known (Jalali 2005). Here, I
focus on two-armed (𝑚 = 2) spiral patterns.

The code successfully retrieves the eigenmode spectrum of the Kuz’min-Toomre disc with a 100% gas fraction. The
gas has an adiabatic index 𝛾 = Τ4 3 and, with a Toomre 𝑄~0.7, is dynamically cold. Pattern speeds above which no
inner Lindblad resonance (ILR) or co-rotation resonance (CR) occurs are marked with vertical dotted lines. The
red dots are the predictions taken from Aoki, Noguchi & Iye 1979 (their 𝜀 = 0.1 model). Also shown is the gas
density response (red = overdensity; blue = underdensity) and the response velocity streamlines (i.e. the first-
order deviation from the original velocity field).

Here, I compare the eigenmode spectrum of the fully stellar Kuz’min-Toomre disc with the Jalali 2005 prediction
for its two fastest growing modes (yellow dots). With a Toomre 𝑄~1.3, the stellar disc is dynamically hotter than
its gaseous counterpart. The fastest growing stellar mode has a much more open, purely spiral-shaped density
response and a more tangential response velocity field.

The eigenmode spectrum of the 50% gas, 50% stars Kuz’min-Toomre disc, like its 100% stellar counterpart, has a distinct
fastest growing mode with both stars and gas participating alsmost equally in an open spiral pattern. Strikingly, the pattern
is more centrally concentrated (is more “bar-like”) and has a smaller pitch angle than in the fully stellar case.

Many astrophysically interesting thin disk systems contain both a dissipative
collisional and a collisionless component (or components with very disparate
collision timescales). Think of high-𝑧 or low-mass galaxies, which contain
both gas and stars, or circumstellar disks, containing gas and rocks.

Computer codes that compute the spectrum of spiral-shaped growing modes of completely collisionless disks (Dury, De Rijcke & Debattista 2008, Jalali & Hunter
2005, Pichon & Cannon 1997) or completely collisional disks (Aoki, Noguchi, & Iye 1979) have existed for quite some time. Here, I present the first results
obtained with a versatile new parallelized C++/python code that computes the eigenmode spectrum of a razor-thin disk with a collisionless and a collisional fluid,
coupled by gravity, as well as all physical properties of these spiral patterns (De Rijcke, in prep.). This approach is fast compared with numerical simulations (~5-
10 minutes), very flexible, and provides a high-resolution view of the full dynamics.

To the right, I present local residual velocity fields
for the fastest growing mode of the fully stellar disc
at different positions in the disc, all at a distance of
one co-rotation radius.
These inset diagrams show the first-order
overdensities (red) and underdensities (blue)
induced by the spiral pattern in local velocity space
(horizontal axis: radial velocity; vertical axis:
tangential velocity). The semi-circle in each inset
diagram demarcates the local escape velocity.
This graphically shows the displacement of stars in
phase space underlying this eigenmode. Such local
velocity fields have been presented for the solar
neighborhood, derived from Gaia DR2 data
(Sellwood, Trick, Carlberg, Coronado, Rix 2019)
and have been shown to be able to discriminate
between different theories for the Milky Way spiral
structure.

Conclusions so far :
• Linear modes of gas+star discs can be retrieved accurately and fast using a unified mathematical and numerical approach.
• Many astrophysically interesting quantities (density, velocity field, ...) can be computed, even for sparsely populated regions of phase space, allowing the relevant

dynamics underlying the eigenmodes to be studied in detail.
• A high mass fraction of cold gas favors the formation of bars. This has recently also been observed in numerical simulations of Milky Way sized galaxies (Seo, Kim, Kwak,

Hsieh, Han, Hopkins 2019).
To do :
• Study effect of gas cooling on the eigenmode spectrum


